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SUMMARY

Second-order rigid flapping response statistics of lifting rotor blades are obtained by a spatial correlation
method for a general linear PDE with random forcing previously formulated by the author. These statistics
enable us to analyze the effect of a finite correlation length of a spanwise nonuniform random excitation on
the flapping blade response. For a random vertical inflow typical of turbulence excitation and for an advance
ratio small compared to unity, this effect can be conciscly expressed in terms of an amplitude factor and a
phase factor. In the case of a spanwise correlation length of the order of the blade length, the amplitude
factor shows that there may be as much as a 40% error in a solution which assumes the inflow is spatially
uniform. The analytical development for a multi-mode solution illustrates how the spatial correlation method
may be used in conjunction with a Galerkin procedure.

1. Introduction

The dynamics of flexible lifting rotor blades in forward flight (Fig. 1) is complicated by the fact
that the aerodynamic lift acting on the blade changes significantly in the course of each blade
revolution. Even an analysis of the small-amplitude motion of such a structure must cope
with problems such as parametric excitation associated with the periodically time-varying system
parameters which characterize the aerodynamic damping and spring-force effects. In one model
for the forced small transverse vibration of a single blade, the dimensionless transverse displace-
ment w(x,7) (normalized by the blade length /) is governed by the dimensionless partial dif-
ferential equation {1, 2, 9]

Wy + Yo lx + psintiw, + L, [w] = f(x,7) (0<x<1,7>0) ¢))
with

Leol 1= ol exxx — %(1 — x| Lex + (x +youcostix + psint) | I 2)

where v= 6y, is the Lock number characterizing the aerodynamic effect, u is the advance ratio
(the ratio of the forward speed of the vehicle, V, to the rotating speed at the blade tip, /),
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Figure 1. Schematic diagram of a rotor blade.

x is the distance from the axis of rotation along the blade span normalized by the blade length,
and 7/8 is the real time. The effective bending stiffness factor of the blade, ¢*, is related to the
bending stiffness of the uniform blade, EI, by the relation ¢* = EI/mI*Q? , where m is the blade
mass per unit blade length. When the source of external excitation is a vertical inflow, we have
flx,r) = 7ol x + psintl A(x,7) where A is the so-called inflow ratio. The temporally periodic
coefficients in the PDE (1) give rise to the possibility of parametric excitation and dynamic
instability (see [1] and references therein).

Aside from the various stability analyses, there is also the problem of the effect of random air
and rotor generated turbulence on the structural integrity of the blade. In an effort to under-
stand this aspect of the rotor blade problem, several papers in the literature analyze the stochastic
blade response to a (zero mean) random inflow with known statistics (see [2] and references
given therein). Because of the time-varying coefficients in (1), the steady-state response
process w(x,7) will be temporally nonstationary even if A(x,7) is stationary. In spite of the
substantial reduction (by at least an order of magnitude) in machine computation made possible
by a new method of solution developed in [3] and used in [2], it is still rather expensive to
generate useful information on the stochastic properties of the nonstationary steady-state re-
sponse of the flexible blade for design purpose.

For a blade hinged at the axis of rotation and free at the other end, we have

w(0,7) =W, (0,7) =Wy, (1,7) = Wyxx(1,7)=0. 3
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Lifting rotor blades 243

If the inflow is uniform along the blade span so that A(x,7) is independent of x, one may expect
that the dominant motion of such a blade is in the form of rigid flapping. A solution of the sto-
chastic forced transverse vibration problem for a spanwise uniform loading based on a rigid
flapping blade model is considerably simpler than a more general flexible blade analysis as far as
the amount of required machine computation is concerned (see [4] and [5]). Inasmuch as the
stochastic loadings experienced by rotor blades are often random functions of both space and
time, a rigid flapping solution for (zero mean) spanwise correlated random loads of comparable
simplicity should be of interest (as pointed out in [4]). The rigid flapping mode of blade defor-
mation is the lowest among the normal modes of a steadily rotating beam, i.e., for the linear
operator (2) with 4 = 0 and the boundary conditions (3). Such a solution and the string solution
(¢* = 0) of [2] delimit the range of the solution for any flexible blade with finite bending
stiffness. With the help of the spatial correlation method of [3], we can now formulate an
efficient computational procedure to obtain the rigid flapping mode solution for a spanwise
correlated random excitation containing as a special case the solution of {4]and [5]for spanwise
uniform inflows. The results obtained show that ignoring a finite spanwise load correlation
length may have an unexpectedly significant effect on the second-order response statistics of
the blade, even for the rigid flapping mode. At the same time, the analytical development
leading to these results illustrates how the general spatial correlation method may be used in
conjunction with a Galerkin procedure.

For the purpose of illustrating our method of solution, we take \(x,7) to be of zero mean
and exponentially correlated in time with an autocorrelation function

<N, T2) Ny, 7)) > =7 T2 7T Rg(xy, x,) (4)

where <... > is the ensemble-averaging operation, a is aknown positive constant and Rg(x,, x, ) =
Rg(xy, x,) is a given function. Rg(x,, x,) was taken to be a positive constant ¢* for the case
of a random inflow due to high-altitude air turbulence in [4]. Since equation (1) is linear (so
are the associated initial and boundary conditions), w(x,7) is also of zero mean and we can
therpfore concentrate on the second-order response statistics of w(x,7) characterized by the
autocorrelation function R(x,, 7,5 xi, 1) = < w(x,, 75) w(x,, 7;) >. To determine
R(x5,74;%y,71), we will follow the procedure of [2, 3] and consider A(x,7) to be the steady-
state stationary response to a temporally uncorrelated random excitation n(x,7) of a dynamical
system characterized by the first order ODE

A + ek =2an(x,1) )
where < n(x,, 7,) n(xy, 7,) > = Rg(x,, x;) 8(r,—7,). It is not difficult to verify that the
autocorrelation function of the steady-state solution of (5) is as given by the right-hand side of
(4) (see [2]). Furthermore, it can be shown [2] that

<n@, ") w(x,7) > =<n@,7") w,(x,7) >=0 6)

for all 7' > 7> 0and 0 < x, y < 1. The numerical results to be given in this paper will be for
the special case Rg(x,p) = 0* exp(—€lx-y|) where 02 > 0 and € > 0 are given constants.
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The analytical and numerical results for the rigid flapping solution obtained with the help
of the above device allow us to study the effect of a finite load-correlation length characterized
by the dimensionless number e (with the correlation length equal to //€) on the second-order
statistics of the (zero mean) rigid flapping blade response. In the low advance ratio range,
u? << 1, a perturbation solution shows that the effect of the correlation length may be
completely described by an amplitude factor p and a phase factor , both factors are simple
functions of €. In the case of a random vertical inflow with a correlation length of the order of
the blade length (e = O(1)), we see from the expression for p(e) that the discrepancy between
our solution and one ignoring the finite spatial load-correlation (as in [4] and [5]) may be as
much as 40% of the former. In the high advance ratio range, an efficient numerical solution
procedure is formulated for the second-order statistics of the periodic steady-state flapping
blade response. The numerical solution obtained by this efficient procedure shows that the
effect of a finite load-correlation length (0 < e < #0) is qualitatively similar to that described by
the amplitude and phase factor for the low advance ratio case.

2. Spatial correlation functions for flexible blade response

The essential feature of the spatial correlation method for the second-order response statistics
proposed in [3] and used in [2] and [6] is the formulation of a nonstochastic mixed initial-
boundary value problem for the four unknown spatial correlation functions of the response
proces w(x,T):

u(x,y,7)=<wlx,7) w7 >, s(e, 1) = <w(x,7) wo(y,1) >,

£0x,y,7) = < wy (67) W0 T) >, Wy, 7) = < wp () Wy (0T) >, ™

forall 0 < x, y <1 and 72 0. Note that these spatial correlation functions contain the mean-
square response properties as special cases (when y = x). As we shall see, they also serve as the
initial conditions for a nonstochastic mixed initial boundary value problem for the determination
of the autocorrelation function R(x,, 7,;x, 71 ), (Section 7).

To obtain an appropriate set of equations for u, 5, £ and v, we observe that

U =<w (x,)wln, 1) >+ <wlx,7)w,(y,7) > =t +s ®)
and

tr =v(xp,7) + <w(x,7) w,7) > %)

where we have made use of the fact that, within the framework of meansquare convergence,
differentiation commutes with the ensemble-averaging operation. We now use equation (1) to
eliminate w_, from (9) so that

t;=v— Ly [ul—volx +usintit + p(x,y,7) (10)
where
Py, 7) =70 | x + usint | <A(x,7) w(y,7) > an

=y, lx + usintl p(x,y,7).

Journal of Engineering Math., Vol. 14 (1980) 241-261



Lifting rotor blades 245
Interchange the role of x and y and we have also

$r=v — Ly, (ul - voly +psintls + p(r,x,7). (12)
Finally, similar manipulations applied to the expression for v, give

vp= = Lyols] = Ly le] ~ vo(1x + psintl + |y + psintl) v +4(x,y,7) (13)

where

q(x,y,7) = vo lx + usintlqux,y,7) + vo !y + psinrlq(y,x,7) (14)

with g(x,y,7) = <Nx,7) w.(y,7) >.

Equations (8), (10), (12) and (13) are to be satisfied in the interior of the semi-infinite unit
square column (0 < x, y < 1, 7> 0) in the x, y, 7-space. On the base square of the column,
7 =0, we have from the condition of no initial transverse motion:

W(x,y,0) =0, W= [Lt‘ j (0<x,y<1). 15)

The appropriate boundary conditions on the four walls of the column are obtained from (3)
and (7):

WOy,1) =W (0y,7) = W, (Ly,7) = Wiy, (1Ly,1) =0, 0<y<1,7>0),

(16)
Wx,0,7) =W, (x,01) =W, ,(x,1,1) =W, ,(x,1,7)=0, O0<x<1,7>0).

The four equations (8), (10), (12) and (13) contain six unknowns since p(x,y,7) and g(x,y,7)
involve the unknown w. We need two more equations to complete the system. To get these, we
observe that

Pr(x,y,7) = <N (x,7) W, 7) > + < Ax,7) wo(p,T) >

(17)
= ap(x’ny) + Q(x’y)T)
and
qT(X,y, T) =< )\T(x’ T) W‘r(y’ T) >+ < )\(X,T) WTT(y’T) >
=—(a+7oly +psintl) qx,y,7) — L, Ip(x.y,1)]
+ 90 |y + wsinti Rg(x,») (18)

where we have made use of the PDE (1) to eliminate w,,, the ODE (5) to eliminate X, and the
conditions (6) to simplify the resulting equations. The initial conditions

p(x,y,0)=q(x,,0)=0, (0<x,y<1) (19)
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supplementing (17) and (18) follow from the fact that the blade experiences no transverse (out
of the rotor plane) motion up to some reference time 7 = 0. The boundary conditions for p and
q follow from (3) and the definition of p and g:

We can first solve (17-20) for p and q in the y,7-space with x as a parameter, and then use the
result in (8), (10), (12) and (13) for the determination of the other four unknowns. We note
also that the spatial correlation of the loading, characterized by Rg(x,y), enters into the anal-
ysis explicitly only through its appearance on the right side of (18).

3. The rigid flapping motion

We now introduce the rigid flapping assumption by taking w(x,7) = x¢(r), so that

u(x,y,7) = xyU(r), s(x,y,7) = xyS(7),
(1)
t(x,y,7)=xy (), v(x,y,7) = xy V(1)

where U(r) = < ¢* () >, etc., and equations (8), (10), (12) and (13) become four ODE:

U=T+S8,

T =V - [w?+k(]U-c(r) T +P7),
(22)

§ = V- [w? + k(MU - c(r) S + (1),

V = —[w? + k(DI (S +T)— 2c(r) V +20(7),
where () =d( )/dr and where
1
k(7) = 3ygucost fo |x + usint i xdx,

(23)
1
c(1) =37, fo I x + usintlx*dx

and
l — —
{A(1), Q(T)} =370 j(; xlx + wsint| {p (x,7), q(x,7)} dx (24)
with

_ 1
(Ble). 20 b =3 f yloyn), aey.)} dy |
Q5

= { <A, 7) O(1) >, <Ax,7) $(7) > } .
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The constant w? is equal to 1 since the blade is hinged at the blade root (but would be greater
than unity for a blade with an elastic root restraint). Note that the expressions in (21) satisfy
the boundary conditions (16).

The quantities p (x,7)and g (x,7) are determined by

p,=—ap +q, 4=~ la+c(M]g - [ +k(M] P +7(x,7), (26)
p(x,0)=q(x,0)=0 (27)

where
Fx,7)= 37, J;l yly + psintl Rg(x,y) dy. (28)

Equations (26) are obtained from (17) and (18) by multiplying through by 3y and integrating
over the interval (0,1). Note that with w(y,7) = y¢(7), p(x,,7) satisfies the boundary conditions
(20).

The general procedure is to solve the initial-value problem (26) and (27) with x as a para-
meter. The results are to be used in the integrals on the right side of equations (24) and the
integrals evaluated to give P(r) and Q(r). Having P and Q, we can then solve the four equations
(22) subject to the initial conditions

U(0)=S5(0)=T(0) = ¥(0)=0 29)
which follow from (15). We note, however, that the second and third equation of (22) together

with S(0) = T(0) = 0 imply S(r) = T(r) for all 7 (consistent with the fact § = < ¢p> = T).
Therefore, the system (22) is effectively a system of three equations

U=2S, S=V-[w?*+k(U-c(r)S +P,
(30)
V = —2[w? +k(r)] S - 2¢(r) V +2Q.

The damping coefficients ¢(r) and the supplementary spring rate k(7) due to the aero-
dynamic lift have been calculated in [9]. In the case where X is independent of x, we have
Rg(x,y) = 0 (a positive constant); the corresponding 7 (x,7) = ¥(7) reduces to the envelope
function for the inflow ratio term given in [9].

4. Exponential correlation in space-hovering

In the remaining sections of this paper, we restrict ourselves to the class of random excitations
with

Rg(x,y) = g?e=¢! ¥~V (1)
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where 62 > 0 and € > 0 are known constants with 1/¢ being the load correlation length. We will
be interested in how the rigid-blade solutions obtained in [4], [5] and [7] for a spatially uniform
random excitation are modified by a finite load-correlation length. In this section, we consider
first the simpler case of hovering.

With u = 0, equations (26) become

o Y. _ .
Pr=—ap +q, qf=—(a+§)q—w2p +7 (32)

a =37001 | y2e—elx—yldy
(33)

2

a €
- 73 [2x2 +elx? _xle—€X _xzee(x—l)(l te+ ?)]
€

Since 7 is independent of 7, the steady-state solution of (32), denoted by ﬁs and g, is also
independent of 7 and can be obtained simply by setting 2, = g, = 0. The resulting algebraic
equations give

P, =F(x)/A, q,=ap,, A=w?+a®+ay/8. (34)
Correspondingly, we have from (24)

2.2

T Yo
P, = 370f0 x2p(x)dx = 36A

(35)
2 3 4 5
p(e) = Z—Z— [e (1 +¢ + %)_(1_ % + % _ Z—O)]

which are also independent of 7. It follows that the steady-state solution of (30), denoted by
U, S and V, is also independent of 7. By setting U, = V; = S, = 0, we have immediately from
(30):

= 8a 2ay0®
V = _7—' ps = 9A p(e):: VOP(E)s
(36)
_ o*(8a + _
=128 = hopte), 5 =0,

36Aw?

where V, and U, are independent of ¢ and are in fact the meansquare velocity and displacement
known for the case of a spanwise uniform random inflow with the same exponential time-
correlation [4, 5, 7). The factor p(¢) in (32) and (33) may therefore be thought of as an ampli-
tude factor associated with a finite spanwise correlation length of the inflow. It is not difficult
to verify that p(e) = 1 and p'(¢) = 0 as € - 0 so that ¥/V,, and U/U, decrease with increasing
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¢ for small e. A small but positive ¢ means a finite correlation length which is large compared
with the blade length. On the other hand, p(e) = 0 and ep(e) > 9/5 as € ~ o, so that the
solution tends to that of a spatially delta-correlated inflow. The variation of the amplitude
factor p(e) over the whole range of ¢ is given in Figure 2 where we have plotted ep(€)/2 for all
€ > 2 in order to compare with the limiting case of spanwise delta-correlated inflow. The plot
shows that p is a monotone decreasing function as e increases. Therefore, the meansquare
flapping displacement and velocity decrease with decreasing spanwise correlation length of the
particular class of inflows.

For blades in hover, the problem with a random inflow excitation is a rather artificial one;
instead, an excitation due to a randomly changing collective pitch angle 8(x,7) is of interest.
For this case, we have f(x,7) = voIx + wsint[* d(x,7). If 6(x,7) is exponentially correlated
both in space and time (as given by (4) and (31)), similar calculations for u = 0 give

20070 I G )

V= T po(e), Ug= m—pe(e), Sy =0, 37
1152 et & ¢ e . e &
p6(6)=—-e—8——[(1~ﬁ+§6—77-5+2_53~€ (1+€+5+‘3T)] (38)

T T T ﬁT_TTY—{ T L ITIT T T T T

22%
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Figure 2. Amplitude and phase factor.
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and where A is as given in (33). The variation of py with € is also shown in Figure 2. With
pg(€) > 1 as € ~ 0, the results in (37) tend to those for a spanwise uniform # obtained in [7].
As € = o py(€) tends to zero while %epe (e) tends to 16/7 corresponding to the case
Rg(x,y) = 628(x—y). For finite values of ¢, pg(€) is again a monotone decreasing function as
€ increases. Therefore, the meansquare flapping displacement and velocity are also reduced by
a shortening of the spanwise correlation length of this particular class of 8(x,7).

Before leaving the hovering case, it should be noted that the quantities V,, and U, (for both
kinds of random excitations considered) are monotone increasing functions of vy for all y >0
and for all positive values of w? and «. In the realistic range of v and w?, V¥, increases almost
linearly with vy while U, increases quadratically with y for & = O(1) and is only (nearly) linear
in 7y for broad band excitations (a >> 1).

5. Forward flight at low advance ratios

While an exact elementary solution of our problem was obtained in Section 4 for the hover case
(u = 0), the same is not possible for the forward-flight case (u > 0). To gain some insight into
the effect of a spanwise correlation of the inflow, we restrict ourselves in this section to the
low advance-ratio range, i.e., u> << 1. As expected, the contribution of the reverse-flow effect
can be neglected (see [4, 8]) in this range so that

psint = ¢,4(7),

AR

1
C(T)E37oj(; (x® +x? usint)dx = % +

1
k(T)537oMCOSTj(; (x* +xusinr)dx

[

HCOST + g—uz sin27 = k,(7), (39)

1
7 (x,1)= 37, OZL (% +yusint) e €' >~ gy
= 02 ylro(x) + 7 (%) wsint] =7, (x,7),
where the subscript » indicates a normal flow situation and where

ro(x) =€ [2+62x? — e ¢ —e=¢U=%)(1 1 ¢ 1+ Le)],
(40)
ri)=te?2ex +e7* — e~ =1 4 ).

The form of ¢, (1), k() and r,,(x,7) suggests that a steady-state solution of (17) and (18) in
powers of u is possible when u < 1.* Upon writing

* A perturbation solution of the initial-value problem (15)417) itself can be obtained without difficulty.
But we are not interested here in the transient part of the meansquare response properties. By retaining terms
of higher powers of u in (39), (41) and (45), the same solution technique also gives results for moderate ad-
vance ratios, i.e. u < 1.
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FT= 2 pmnamW", (41)

the coefficients p,, and g,, (which are independent of u) are evidently the particular solutions
of the following sequence of ODE:

Po +2¢oDo + BP0 =770(x), o =Po +OPo (422)
v . . Y . Y :
p1 +2cop, + Apy =yr (x)sinT — 3 sintpy — 6 (asinT + cost)pg,
(42b)
q1=p1 t0p;
etc.

where dots indicate differentiation with respect to 7, A is as defined in (34) and ¢ = o +¥/16.
It is a straightforward matter to obtain these particular solutions since the ODE involved are
with constant coefficients.

The steady-state perturbation solutions (41) are then inserted into (24) with the reverse-flow
effect neglected. Upon carrying out the integration, we get

P = ZL p(e)1 + ulPyg + Py, e)inr

+ ulPeo +Peifle)leost + O?)},
(43)

0= L ple)a-+ulQio + 0 p(@lsint
+ #[Pco + Pclﬁ(e)]cos'r + 0(/-‘2)}

where p(e) is as given in (32) and

) = & [(1 er %) ~e'ej (44)

The constants Py;, Pj, Qy; and Q; depend only on v, o and w? and will not be listed here.
Therefore, the effect of the spanwise correlation is completely described by the quantities p(e)
and f(e). Note that we have f(e) > 1 as ¢ > 0.

Having the steady-state solution for P(r) and Q(7), we can now use (30) to determine the
steady-state meansquare properties of the blade response. In view of (43), a steady-state solu-
tion of (30) may be taken in the form

{US,Vy={US,V} + ul{Uy,S,, Vi Isinr + {U,.S,, V, }cost] + Ou?). (45)
The O(1) terms, U, S'and ¥, are just the steady-state solutions for the hover case given by (35).
By the method of undetermined coefficients, the constants Us, Ss, ..., V,aresolutions of a
system of six coupled linear algebraic equations which may be written as two sets of three com-

plex equations
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46)
— 2 el e - £
V+ (w 3 161)U P+6z,
7-28=o, (47)
for the three complex unknown constants ﬁ Vand § with
{U8,...,0t=Us ..., 04U, ..., 0} (48)
022
{Ps,P.,05 0.} = 36A P(M4Pso, . - . Qcot +4Ps1s. . ., Qe PB(E)]. (49)
It follows from (33) and (45) that the solution of (43) and (44) can be put in the form
Uy = 02 p(e)[Usp + Ugy1 B(e)],  etc., (50

where Uy, Uy, ..., V., depend only ony, @ and w?.

In the case e = 0, the solutions for the functions U(r), S(v) and ¥(7) as given by (45) are
exactly the approximate steady-state variances and covariance of the flapping response obtained
in [8] for low advance-ratio flight and will be considered known. Qur concern here is with the ef-
fect of a finite spanwise correlation length (¢ > 0) on these response statistics, This effect is com-
pletely described by the two quantities p(e) and f(e). From the plot of f(¢) in Figure 2, we see that
this monotone decreasing function changes by less than 10% of its value at € = 0 as the correlation
length shortens (from infinity) to a fraction of the blade length. Therefore, the main effect of a
spanwise load correlation is in the amplitude factor p(e). Asboth p and § decrease with increasing
€, a correlation-length shortening in the low advance-ratio range gives rise to a reduction in the
time average of the meansquare flapping properties as well as in the fluctuation about these
average values.

Solutions for O(u?)-terms in (41) and (45) have also been obtained. In the € = 0 case, these
terms involve the second harmonics cos 27 and sin 27, The effect of a finite spatial correlation
length on these O(u? )-terms is qualitatively similar to that on the O(1) and O(u)-terms. As such
the explicit solutions for the O(u? )-terms will not be listed here.

6. Numerical solution for arbitrary advance ratio

If 3 is not small compared to unity, the situation is much more complicated since the effect
of reverse flow is no longer negligible. For u <X 1, we have upon carrying out the integration in

(23),

cn(r), Qmr <t <(Q2m+ )n)
c(r) = (51)

4
cp(7)+ %’2— (3 — 4cos27 + cosdr), @Cm+Dr<t<(2m+2n)
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and
kn(7), @mn <7 <Q2m+ Dn)
k(r) = 4 (52)
kn(T) — ;’1% (2sin27 — sindr), ((2m + Dr <7< (2m + 2)m)

where m is any integer and the subscript » indicates a normal flow. Evidently, the effect of
reverse flow is negligible in ¢ and k if u® << 1 (in fact, as long as u* << 1). From (28), we get

ra(x,7), Cma<r<Q2m+ m, 0<x<1)
Fx,1) = ~ry(6,7) —r(x,7), (Cm+ D)<t <(2m+ 2)m, x < —psinT) (53)
ra(x,7) + rg(x,7), (@m+ 1)n<7<(Q2m+2)m x> —usinr)
where
rx,t) = 1e34e 0 =[(2 + 2¢ + €2 ) + (1 + €)usinT]

—eCFSINT() _ eusinr )}, (54)
re(x,7) = ye > {e ¥ (2 — eusint) — e "¢ HHSINTY(Q 4 esing )}

With (53) and (54), it is not difficult to show that the effect of reverse flow can be neglected in
Tx,7)if u® <1 at least fore <€ 1 and e > 1.
For u > 1, the entire blade is subject to reverse flow in the range —sint > u ™" so that

o(r) = —cp(r),  Kr)=~kp(r), Tx,7)=-ry(x,7) (55)

for all 7 in the range % —-Vs7< %ﬂ + v where v = cos™ (1/u). We can now solve the initial

value problem, (26) and (27), numerically by a 4th-order Runge-Kutta scheme for a set of x
values, say xo =0,x;,X,, ..., Xy = 1. With fj(xx) = f(xk 7;), the set of solutions Pir), a0}
for a fixed j is used in (24) to get P(7;) and Q(r ;) with the integrals evaluated by Simpson’s rule.
Once P(7;) and Q(7;) are calculated, the initial-value problem (29) and (30) is solved numerical-
ly again by a 4th-order Runge-Kutta schema. Within the stability boundaries of the two sets of
equations, (26) and (30), we get accurate steady-state periodic solutions of the meansquare blade
flapping properties after four blade revolutions for the realistic range of values of y(2 <y<12).
For a fixed set of v, u, €, a and w?, the entire solution process for P, Q, U, S and V consumes
about 50 seconds on a UNIVAC 1106 if 21 stations along the blade span are used in the numer-
ical evaluation of the integrals on the right side of (24).

With Rg(x,,x;) = 0® (a constant), the class of random functions characterized by (4) seems
to adequately describe the random inflow associated with atmospheric turbulence at altitude
higher than 300 ft. above terrain if the effect of the spatial variation of the vertical turbulence
component, of the longitudinal turbulence component itself and of the blade motion are all
neglected (see [4] and references therein). In that case, we have o = 2ul/L where [ is the blade
length and L/2 is the scale length of the vertical turbulence component. L is about 400 ft. for
an altitude of 300-700 ft. above terrain and is several thousand feet for higher altitudes. From
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the expression for a, we see that, at the low advance-ratio range, the correlation time is long
compared to one blade revolution for existing blades which range from 33 ft. to 100 ft. As such,
the results of Section 5 for the low advance-ratio range serve only to indicate the qualitative
effect of a spatially correlated inflow; we are mainly interested in the case of high advance-ratio
flight.

The meansquare flapping responses of the blade to a zero mean A(x,7) with a correlation
function given by (4) have been studied with the help of the numerical solution scheme out-
lined in this section for a wide range of the blade and load parameters. The numerical solution
shows that the perturbation solution of Section 5 (including O(u? )-terms) gives a very good
approximation of the exact solution for u < 0.4. It also shows that the effect of a finite e for all
0 < u < 1.6 is qualitatively similar to that indicated by the perturbation solution. The actual
distributions of the steade state < ¢ > and < ¢ > are given in Figures 3,4,5 and 6 foru = 1.6
and for the two extreme rotor-disc sizes, ! = 33% ft. and ! = 100 ft, operating at 300 ft. — 700 ft.
above terrain (L = 400 ft.). We have taken w? = 1 in these examples since most existing blades
are hinged at the blade root. We see that, aside from an increase in the magnitude of the mean-
square response, an increase in u tends to shift in the time when < ¢? > and < ¢? > attain their
maximum values further toward the midway point and the end of the backstroke, respectively.

Finally, we show in Tables 1 and 2 the effect of the Lock number vy on the peak values of
< ¢* > and < ¢* >. We see in particular that the amplitude growth with 7 is nonlinear and the
growth rate depends significantly on u but not at all on ¢.

T T T T r T T T 1 [
8l -
<Alx, TN, > zexp [~alr- <€ x-x'| ]
Y=
6 m = 1.0 T
(az 0167, €
A (@ =05,£20)
C! ]
a4
6
v
=0.167,E51.
(=0467,€=.0) (a=0.5,€1.0)
2 ]
O 1 1 1. 1 ' 1] 1 1 1 l
2nw (2n+1) 7 (2n+2)w

T

Figure 3. Meansquare flapping angle (z = 1.0).
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T T
5

(@=0.67,€=0)

Aa=0.67, €=1)

0
2nm (2n+)w (2n+ 2}
T
Figure 4. Meansquare flapping velocity (u = 1.0).
T T T T T T T T T
16. (a=0=0267,€=0) —
<\ (x,r))\(x:r')>=exp[—a|~r-r'|-8|x-x'|]
14.+— y: a. (@=0.267, £=1.0) —
B =16
12.— (¢=0.8,€=0)
0. (a=0.8, £=1.0) —
A
Nt 8.} i
b
v
6. —
4
2.

) . 1
@Cnt)r (2n+2)7r
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Figure 5. Meansquare flapping angle (x = 1.6).
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(@ =0.267,€=1.0)

(@ =0.8,£=0)

(a =0.8,€=1.0)

(a=0.267,E=0

o | h |
2nmr (2n+1)w (2n+2)m

T
Figure 6. Meansquare flapping velocity (u = 1.6).

TABLE 1. TABLE 2.
Variation of Maximum < ¢*(r)>[o* with Lock Num-  Variation of Maximum < $2(r) >/o? with Lock Num-
ber for < A, 7M7) > = a’exp(~a | T — 1" | —  ber for < Mx,T)AX',7) > = ¢’exp(—a |7 ~ 7' | —
elx—x". elx —x" .

v=2|y=4 | y=8|y=12 vy=2|vy=4 | y=8 |y=12

u=1.0 e=1.0[1.26{ 3.76 | 13.74| 30.06| |u=1.0 e=10[1.03] 2.91 | 10.54| 23.05

a=0.5 e=0. [1.58] 4.71 ] 17.26( 37.75 a=0.5 e=0. |1.29 | 3.62 | 13.18] 29.11

u=1.0 e=1.0]197 522 17.20| 36.70| |u=1.0 e=1.0]1.54] 3.83| 12.56] 27.01

a=0.167 {e=0. (244 6.53 | 21.61| 46.07 a=0.167 |e=0. |1.89 | 4.72 ] 15.59] 33.99

p=1.6 e=1.0]230| 958 61.29|183.30] |u=1.6 e=1.0]162| 9.20 | 75.01|246.14

a=0.8 e=0. |291]12.09| 77.55(231.32| Jax=0.8 e=0. [205]11.72 | 95.34(312.56

n=16 e=1.013.17] 1340 | 85.92/251.25] |u=16 €=1.0]2.08112.77 |103.90)331.84

«=0.267 le=0. |3.98]| 16.88 |]109.07|316.29| |«=0.267 [e=0. |2.60 | 16.05 [137.23]423.09
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7. Autocorrelation functions

Having determined (the rigid flapping mode approximation for) U, S and ¥, we can now cal-
culate the autocorrelation of the flapping angle ¢(z) which characterizes the second-order
statistics of the flapping response. We begin by multiplying (1) by w(x',7") and ensemble-averaging
the result to get

R, +yolx +usint |R; + L, [R]=19,|x +usint | A (x,73x",7") (56)
where
R(x,m;x' 1) = <w(x,mW(x',7") >,
(57
AGeTx TN =< AW 1) >

To get the yet unknown load-response correlation A, we multiply (5) through by w(x',r") and
ensemble average giving us

Ay +ah=v2a<n(xtwix,7)>=0, (r>1) (58)

where the right-hand side vanishes for 1 > 7' by (6). At r = 7', we have from the relevant defi-
nitions

AT XY = plex' 7"y = <N Wi 7Y >. (59)

It follows from (11), (25), (58), (59) and the assumption of rigid flapping that

Ar+oh= 0‘ (r>1"), A7'7)=plx1") (60)
where .

A, = SJ; x'A et dx' = <Nx, () > (61)
She solution of (60) is

Aty =perNe =) (7 >1"). (62)

Upon introducing the rigid flapping assumption into (56), we get
R., +c(rR, +[w? + k()R = ATty (>1) (63)
where R(r;r') = < ¢(r)p(r') > and
~ 1 - ,
ANT;m)= 370f0 x | x + usint| A(x,7 ;7 )dx
Nl
= 3ype 2 —=T) fo x | x + psing | p(x,7")dx

=3ye " " Br;r') (64)
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with P(r';7") = P(r") according to (24). Note that
Rt =<¢*@)>=U0"), R.('r)=5@", (65)
Ry (st = V). (66)

The two conditions in (65) serve as initial conditions for (63). But even without solving the
initial-value problem (63) and (65) explicitly for ﬁ(r;r'), the following informative observation
can be made. Since the effect of a spatial load correlation appears only in 13(1 ;7") which is a
periodic function of 7 and 7' at steady state, the correlation time of the response depends only
on the parameters « and y and not on €. Within the framework of rigid flapping, our particular
type of spanwise load correlation only modifies the amplitude of the autocorrelation of the re-
sponse.

8. Multi-mode solutions

The key step in the spatial correlation method [3] used in this paper for the second-order response
statistics of stochastic rotor blade response is the determination of the four spatial correlation
functions u(x,y,7), s(x,y,7), t(x,y,7) and v(x,y,r) defined in (7). For a class of random excita-
tions including the type considered in this paper, this is done by the procedure outlined in Sec-
tion 2. In later sections, we used this procedure and obtained an approximate solution for these
spatial correlation functions by limiting ourselves to a rigid flapping mode of blade deformation.
This approximate solution shows that the second-order statistics of the rigid flapping mode
response may vary considerably with the finite correlation length of the spatially nonuniform
random excitation. ‘

More accurate second-order blade response statistics can be obtained by allowing for the
contribution of other rotating beam modes. Let Wy (x), k=0, 1,2, ..., be the orthonormal
eigenfunctions of the operator L[ 1 =¢*[ 1, xxx — 3(1 — x*)[ 11 +x[ ], with the hinged-free
end conditions (3) and {wz }be the corresponding eigenvalues (with W, (x) =+/3 x and wfz, =w’=
1). Analytical and numerical solutions for this eigenvalue problem can be found in [6], [10]*
and elsewhere. With

p(x.y,1), q(xy,7), u(x,,7), ..., v(xY,7)}

K K
= mEO n2=:0{ Pmn (™) @mn(1), Upn(7), -+« s Vinn O W, COW, () (67)

for some fixed K, we get from (17)-(19) K uncoupled initial value problems for {p,,,(7)} and
{qmn(7)} each involving 2K ODE,

pr;ln +0Pmn =4mn; (68)

* The solutions obtained in [10] and related articles are for a clamped-free rotating beam. However, the
method employed there can also be used for a hinged-free beam.
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. 2 K
Amn * G mn =WpPmn _j=20 (nnjpmj + Eanmj) +Rpnn(7); (69)
Pmn(0)=4mn(0)=0, (70
(mn=0,1,2, ...,K)where

1

Enf(T) = o J 1+ msinT | Wa()Wi0)dy = §ja(r), (71)
i ’
T f(7) = Yokoost [ |y +pusing | Wa()W/0)dy (% mjm). (72)
1 1 .

Rpun(™)=o [ [ 1y 4107 | Rty Won ()W )y = Ry (7). (73)

Note that the expressions for p and ¢ in (67) automatically satisfy the boundary conditions
(20). We also get from (8), (10), (12), (13) and (15) the following initial value problem for
4K? coupled ODE for the determination of {U,,,, }, {Tyunts {Spnt and {V,,, }:

Unn="Tmn +Smn’ _ (74)
. 2 K
Toun = Vinn +°"mUmn - kEO MmaUkn + EmiTin) + Prn(7), (75)
N 2 K
Smn = Vin +@pUpypy — kz=0 Mak Ui + EnicSmi) + Pam(T), (76)

. K
Vien =w3nSmn + wrlemn— kzo MmkSkn + Mk Tmk + EmikVin + EnkVink)

+ Qmn(7); ("

Unn(0) = Smn(0) = Trnn(0) = ¥,n(0) = 0, (78)
(m,n=0,1, ...,K)where

Prn(t) =70 jfL‘: Pjn(7) fol |x +psing | W)W, (x)dx (£ Ppm (7)), (79)

K 1
Omn(T) =70 ]_7230 { qjn(T) fo | x +usinT | Wix)W,, (x)dx

+@jm(r) [ 13+ asing | WW, ()5} = Qo (7). (30)

Note that the expressions for the spatial correlations functions in (67) automatically satisfy the
boundary conditions (16).

It remains to use eigenfunction expansions to determine the autocorrelation function of the
blade displacement. With (67) the solution of (58) and (59) takes the form
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A@,r;x" 7= plex’re 2 —

. K K
=e 0T B 2 Pt W W () ®1)

m=0 n

forr >=7'. Correspondingly, we set

K K
Rx,73x',7") = Eo 20 Tn (T, 7 W, OW,(x") (r=7") (82)
m= n=
and we get from (56) and the initial conditions R(x,7";x',7") = U(x,x',r") and R, (x,75x",7") =
T(x,x',7") the following initial value problem for r;i(r,7),4,/=0,1,2, ... ,K:
K

Tier = NP+ Z imPmj + EimPmjr)
m=0
. K
=e?lr-7) 3 Embmj (T >1"), (83)
m=0

rifr', ) = Up(r'), 1y, (r',77) = Ty('). 84

Evidently an approximate solution for the second-order response statistics with a specified
degree of accuracy can be obtained by taking K sufficiently large in the above normal mode-
Galerkin procedure. The rigid flapping solution corresponds to the K = 0 case and was found
to be a reasonably accurate approximation of the exact solution for a spatially uniform random
excitation [7, 8]. Whether it is a good approximate solution for blades with a (zero mean) spatially
nonuniform random excitation depends on the load correlation length to blade length ratio.
Note that the amount of machine computation increases geometrically with K and that a direct
numerical solution of the initial boundary value problems of Section 2 (as done in [2] for
blades with no bending stiffness) may be more economical for large values of K. If an accurate
solution can be obtained with a small number of eigenfunctions, the present normal mode ap-
proach has the advantage of singling out the dominant rotating beam modes in the blade re-
sponse. In the case of K = 0, it also has enabled us to understand the qualitative dependence of
the blade response on the load correlation length, at least in the case of a small advance ratio.
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